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SCOTT’S FORMULA AND HURWITZ GROUPS 


M.A. PELLEGRINI AND M.C. TAMBURINI BELLANI 


Abstract. This paper continues previous work, based on systematic use of 
a formula of L. Scott, to detect Hurwitz groups. It closes the problem of 
determining the finite simple groups contained in PGL n (IF) for n < 7 which 
are Hurwitz, where IF is an algebraically closed field. For the groups G 2 (<j), 
q > 5, and the Janko groups Ji and J 2 it provides explicit (2, 3, 7)-generators. 


1. Introduction 

Let F be an algebraically closed field of any characteristic. Consider a finitely 
generated group H and a representation $ : ff —> GL(U), with representation space 
V = F m . For any subset A of H define: 

dy = dim{t) £ V | = v, for all a £ A}, 

dy = dim{u £ V \ &(a) T v = v, for all a £ A}. 

Moreover, for A = {a}, set dy = dy. By a special case of the well known formula 
of L. Scott m (see also BSD, if H = (x,y), then 

(1) dy + dy + dy* < TO + dy + dy. 

This formula has a crucial impact on Hurwitz generation in low rank, as already 
suggested by Scott himself, and made more evident by the work of A. Zalesski 
and others after him. 

To illustrate this claim, it is convenient to introduce some terminology. A triple 
(a;, y, xy ) in GL„(F) 3 is called irreducible whenever (x, y) is an irreducible subgroup 
of GL„(F). It is called rigid when it is irreducible and equality holds in (fljl. with 
respect to the conjugation action $ of H = (x,y) on V = Mat„(F). Finally 
(x, y, xy) is said to be a (2, 3, 7)-triple whenever the projective images of x , y, xy have 
respective orders 2,3, 7. Clearly all these properties are preserved by conjugation. 

In |19] were classified (up to multiplication by scalars) the admissible similarity 
invariants, equivalently the admissible Jordan canonical forms (e.g., see [5J 3.10]), 
of x,y,xy in an irreducible (2,3, 7)-triple (x,y,xy) £ GL n (F) , n < 7. It turns 
out that such triples are all rigid if and only if n < 5. For n = 6, 7, the similarity 
invariants of the non-rigid ones (parametrized in [25] and [20] ) are respectively: 

(2) t 2 + 1, t 2 + 1, t 2 + 1; f 3 -l, i 3 -l; t 6 + t 5 + t 4 + t 3 + t 2 + t + 1, 

for n = 6 (see na l.i.i page 349 and 2.1.1 page 350]), and 

(3) t + 1, t 2 - 1, t 2 - 1, t 2 - 1; t- 1, t 3 - 1, i 3 - 1; t 7 - 1, 
for n = 7 (see [T9; 1.1 page 351]). 
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An irreducible triple of type © generates a symplectic group. The irreducibility 
of a triple of type © forces char F 7 ^ 2 and the corresponding group is orthogonal. 
The proof of these facts uses techniques based on Scott’s formula (see Lemma EOT . 

In this paper we continue the analysis started in m and [ 20 ] with respect to 
the non-rigid triples. In particular we prove the following two results: 

Theorem 1.1. Suppose that F is an algebraically closed field. Let H-j be an irre¬ 
ducible subgroup of SL?(¥) generated by a non-rigid (2,3, 7) -triple, i.e. a triple with 
similarity invariants ©• Then charF 7 ^ 2 and Hi is a subgroup of G 2 (F). 

Theorem 1.2. Suppose that F is an algebraically closed field of characteristic 2. 
Let Hq be an irreducible subgroup o/SLg(F) generated by a non-rigid (2, 3, 7)-triple, 
i.e., a triple with similarity invariants ©• Then H 6 is a subgroup o/G 2 (F). 

These two theorems allow to complete the classification of the finite simple 
groups, admitting absolutely irreducible projective representations of degree n < 7, 
which are Hurwitz. Among such groups, those which are generated by rigid triples, 
in particular those which admit irreducible projective representations of degree 
n < 5, have already been classified (see [19] ). Thus we are left with those generated 
by irreducible non-rigid triples. For n = 6 and charF 7 ^ 2, by Lemma l2.1f il they are 
contained in Sp 6 (q), q odd, where q stands for the order of a finite field. Otherwise, 
they are contained in G 2 (q) by Theorems 11.11 and 11.21 Thus the classification can 
be completed analyzing Sp 6 (q), G 2 {q) and their subgroups. 

The group PSp 6 (g) is not Hurwitz for q = 3 and for q even (see [23] : for q even 
this fact also follows from Theorem ll.2l) . Hurwitz generators of PSp 6 (< 7 ), q > 5 odd, 
are given in [22] . On the other hand, by an old, non-constructive result of G. Malle, 
G 2 (q) itself is a Hurwitz group if, and only if, q > 5. Explicit (2,3, 7)-generators 
for the Ree groups 2 G 2 (3 2o+1 ) can be found in 231 . 

For the reader’s convenience we state the full classification. Given an integer u 
and a prime p , coprime to it, we denote by o u (p) the order of p (mod u), i.e. the 
order of p + uL seen as an element of the group (Z/uZ)*. 

Theorem 1.3. Let G be a finite simple group admitting an absolutely irreducible 
projective representation of degree n < 7. Then G is Hurwitz if, and only if, it is 
isomorphic to one of the following: 

(i) PSL 2 (p) when p = 0,±1 (mod 7), PSL 2 (p 3 ) when p = ±2,±3 (mod 7) 

UM; 

(ii) PSL 5 (p ns ) when p 7 ^ 5,7 and 775 is odd, PSUs(7 4 ) and PSUs(p" s ) when 
p 7 ^ 5, 7 and 775 is even, where 775 is 0,5 (p) ■ 07 (p 2 ) [2T| ; 

(iii) PSL 6 (p" 6 ) when p 7 ^ 3 and uq is odd, PSU 6 (p ne ) when p 7 ^ 3 and n§ is 
even, where ne = 09 (p) [19] : 

(iv) PSL 7 (p™ 7 ) when p / 7 and 777 is odd, PSL^p 717 ) when p 7 and n? is 
even, where 777 = 049 ( 77 ) [19] : 

(v) PSp 6 (g) when q > 5 is odd [22] : 

(vi) G 2 (q) when q > 5 and 2 G 2 (3 2a+1 ) for all a > 1 [13] : 

(vii) Ji [IS], J 2 [S). 

The groups in items (i)-(iv) of previous theorem are all generated by rigid triples. 
Clearly rigidity restricts the isomorphism types: at most one for fixed p and n. For 
an interesting discussion of this aspect we refer to [15]. 

In the last Section we provide explicit Hurwitz generators of 62 ( 9 ), q > 5, and 
of the Janko groups Ji and J 2 , respectively over Fn and F 4 . 
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2. Preliminary results 

Let [x n , y n , x n y n ) be an irreducible triple in GL„(F) 3 , where F is an algebraically 
closed field, and set H n = (x n ,y n ). We consider the diagonal action of GL„(F) 
on the space F" ® F”, identified with Mat n (F), namely the action B H > gBg T 
for all B G Mat n (F), g G GL„(F). The symmetric square S = S{¥ n ) and the 
exterior square power A 2 = A 2 (F") can be identified, respectively, with the spaces of 
symmetric matrices and antisymmetric matrices with zero-diagonal. The spaces S 
and A 2 , being GL„(F)-invariant, give rise to representations of H n on F of respective 
degrees n(n 2 +1) and n( - n ~ 1 \ By [13 Lemma 1 (i)], in the first representation one has 

(4) dg 71 <dg n < 1. 

Here the notation is the same defined at the beginning of the Introduction. 

Lemma 2 . 1 . In the above notation, the following facts hold: 

(i) Ifn = 6 and (xe,y 6 ,xeye) is an irreducible triple in GLg(F ) 3 with similarity 
invariants m, then He = {xe,ye) is contained in Sp 6 (F). 

(ii) Ifn = 7 and (xr, yr, x^y^) is an irreducible triple in GL 7 (F ) 3 with similarity 
invariants ©, then charF ^ 2 and H-j = (xr,yr) is contained in 127 (F). 

Proof, (i) If charF / 2 we consider the action of He on A 2 = A 2 (F 6 ), as in [25]. 
Then F 6 <g> F 6 = S © A 2 , whence dff = df| . From d x A % = 9, d v £ > 5, d x £ Ve > 3 
and dim A 2 = 15, we get d A £ + d A £ > 2. Since d A % < 1 and d A £ < 1, by 

the irreducibility of He, it follows d A ! = d A Z = 1 . Hence He fixes a non-zero 
alternating antisymmetric form J, which is non-degenerate by the irreducibility of 
H 6 . We conclude H 6 < Sp 6 (F). 

Now assume charF = 2. Then = 12, d y s 6 = 7 and d X g Vfi = 3. Since dim S' = 

21, from © and Scott’s formula © it follows either dg 6 = dg e = 1 or dg 6 = 1 

and dg e = 0. In the first case H e < 12 6 (F) < Sp 6 (F), in the second H e < Sp 6 (F) 
by [19] Lemma 1 (ii)-(iii)]. 

(ii) We have dg 7 = 16, d V g = 10, d X g Vl = 4. Since dimS = 28, from © we get 
dg 7 + dg 7 > 2. Again [19l Lemma 1] gives charF 7 ^ 2, dg 7 = dg 7 = 1, and #7 
orthogonal. Since H 7 is (2,3, 7)-generated, it coincides with its derived subgroup 

and so it is contained in 127 (F). □ □ 

When charF = 2, Sp 6 (F) is isomorphic to the orthogonal group 127 (F), by a 
classical result of Dieudonne [ 6 j. Indeed, call Q the quadratic form which defines 
127 (F), call g the associated symmetric bilinear form of rank 6 and (uo) the radical 
of g. Then 127 (F) fixes ( vq) and induces a symplectic group on ^y. Since every 
symplectic transformation has determinant 1, 127 (F) fixes vq. Hence, with respect 
to any basis of F' having uo as first vector, 127 (F) consists of matrices 

(5) h = (J Q , a h G F 6 , he G Sp 6 (F). 

The map h > he is an isomorphism. We use its inverse he <—> h. The im¬ 
age (x 7 ,yr,xry 7 ) of {xe,ye-,xeye) in 127 (F) has similarity invariants ©. Since 
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the eigenspace of £ 71/7 relative to 1 has dimension 1 , it must coincide with (do). 
Let B = {vq,Vi,V 2 ,V- 3 ,v-i, D- 2 , 113 } be a basis of eigenvectors of £ 71 / 7 , with 
(x 7 V 7 )vi = £~ l Vi for i = 0, ±1,±2, ±3, where e € F is a primitive 7-th root of 
1. With respect to B the Gram matrix J of the bilinear form g fixed by (£ 7 , 2 / 7 ) is 

0 0 with Jg fixed by {xe,ye). Multiplying Vi,V 2 ,V -3 by scalar multiples, 


J = 


0 


if necessary, we have Jq = ^ . Hence we may suppose: 


( 6 ) 


£7 = 


£ 6 


V7 = 


£62/6 


X7V7 = 


0 

xeVe 


The conditions £7 = /, JqX§ = xj Jq and the choice of B give af. xg = a^ and 

'A 


(7) 


X6 ~ A T , 

x 6 y 6 = diag (e _1 , e -2 , e 3 , e 1 , e 2 , e -3 ) . 


, B = B+ ,C = C 1 


3. Proofs of Theorems II. II and 11.21 


The group G 2 (F) can be defined as the subgroup of GL 7 (F) fixing a particular 
alternating trilinear form, called the Dickson form (see ID)- For the reader’s con¬ 
venience, we recall some basic facts and definitions concerning alternating m-linear 
forms on V = F" (n > to). 

An m-linear map / : V m —> F is said to be alternating if f(yi,...,v m ) = 0 
whenever V{ = Vj for some i 7 ^ j. We define 

A m (V) = - - 

(di <E)... <E) v m : Vi = Vj for some * f j) 

By Vi A... A v rn we denote the image of v\ (g)... ® v m under the canonical projection 
of ® m V onto A m (V). The spaces A m (V) and A m (W), where V* denotes the dual 
of V, are dual to each other, under the bilinear map 


(vf A ... A A ... A Um) det (yluj) 

(e.g., see m Chapter XIX]). Hence, the space of alternating m-linear forms on V 
can be identified with the skew-symmetric tensor product A m (V*) acting on V m 
via: 


(8) K A ... A = det (vluj) . 

We may define a representation <f> : GL(H) —> GL (A m (H*)) by setting: 

A ... A v^)](u ly . ..,u m ) = (v*A.. .Av* m ){g~ 1 ui,... 1 g~ 1 u m ) y 

namely 

$(fiOK A...A«;) = (g~ T v 1 )* A ... A (g~ T v m )* . 

We claim that <1 '(g T ) = &(g) T for all g. In particular, the representation g 1 —>• 
$ (d~ T ) is the dual of d>. Indeed, let {ei,..., e n } and {e*,..., e* } denote respective 
bases for V and for the dual V* of V. Setting 

B = {e(j A ... A e* m | 1 < i\ < 12 < ... < i m < n) 
we obtain a basis of A m (V*). By the above 

®(g) « A ... A e* m ) = (c/' T e il )* A ... A ( g~ T e im )* 
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= det (uV.'.'.'R) R A • • ■ A e L), 

l<fci <---<k rn <.n 

where 7 i 1 1 ’"’^ n is the submatrix obtained from g~ T considering rows ii ,..., i m and 
columns k\ ,..., . The same calculation leads to 

$(<? T ) R A • • ■ A e L) = det (R’.'.'.R) R A • • • A e O ■ 

Identifying $( 5 ) and d) ( g T ) with their matrices with respect to B we have $ ( g T ) = 
&(g ) T , whence our claim. 

When m = 3 and n = 7 we may take a basis {uo, Vi, v?, V 3 , V-i, V- 2 , ^- 3 } and 
consider the following alternating trilinear form, called a Dickson form: 

Vq Ar*A v*_ 1 + Vq A v 2 A v *_ 2 + Vq A vj A v*_ 3 + v 3 A v 2 A v*_ 3 + ul 1 A v*_ 2 A 1)3. 

Our proofs of Theorems 11.11 and 11.21 are based on key results of Aschbacher jT] 
Theorem 5]. The case n = 7 turns out to be much easier to handle than the case 
n = 6 . For this reason we consider it firstly. 

Proof of Theorem U . 1\ Let Hi be an irreducible subgroup of SLy(F), generated by 
a non rigid (2,3, 7)-triple (xy, yi, £ 72 / 7 ). Its similarity invariants are those in ([3]) 
by [2D]. Moreover char F 7 ^ 2 and Hi < 117 (F) (see Lemma [2. II) . Consider the 
space V = F' with basis {ei,..., 67 }. As done before, we may identify the space 
of the alternating trilinear forms defined on V with the space A 3 (Id*) and consider 
the representation $ : GL(Id) —» GL (a 3 (W)) previously introduced. We apply 
formula © to this action: 

d A3(V*) + d A3(V) + d AR*) — 35 + R 7 (y*) + ^A3(y*)- 
Considering the canonical forms of Xi, yi and 0773/7 we obtain d^ 3 (v*) = 
d A 3 (v*) = 13 and = 5) whence 

d A3 7 (v*) + d A3 7 (v*) - 2 - 

As <F(/i) t = &(h T ) for all h £ Hj we obtain that Further, since 

Hi and H (T are absolutely irreducible, by [T] Theorem 5(2)], 

0 < d A 3V*) — 1 > d — d A3 7 (v) — 1 ■ 

It follows that = 1. Thus Hi fixes a non-zero alternating trilinear 

form which, by |TJ Theorem 5(5)], must be a Dickson form. We conclude that 
Hi < G 2 (F). ' □ □ 

We now turn to the proof of Theorem 11.21 and so, from now on, we assume 
charF = 2 and keep notation ©. A fundamental step of the proof is that, when¬ 
ever Hq = (xe,ye) is absolutely irreducible, then Hi = ( Xi,yi ) fixes a non-zero 
alternating trilinear form. This will be done in Proposition 13.51 that requires some 
preliminary facts established in Proposition 13.II and Lemmas 13.31 and 13.41 

Proposition 3.1. Let K be an irreducible subgroup of SLg(F) generated by a 
(2, 3, 7 )-triple whose similarity invariants are ©. Then K does not fix any non-zero 
alternating trilinear form. 
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Proof. By the above discussion we may suppose that K is generated by x = Xe, 
y = U 6 and z = xy as in 0 - Proceeding by way of contradiction, let / be a 
non-zero alternating trilinear form fixed by K. We have f(z~ 1 Vi,z~ 1 Vj,z~ 1 Vk) = 
e l+ i +k f{vi, V j, V k). Since / is fixed by z we get f{vi,Vj,v k ) = 0 whenever i+j+k 0 
(mod 7). Thus: 

/ = A(v* A »2 A v*_ 3 ) + p{v*_ 1 A v *_ 2 A v 3 ), 

for some A,(i £ F. Assume ji = 0. In this case (v-±,V- 2 ,v 3 ) < rad(/) and so 
rad(/) is a non-trivial subspace of F 6 fixed by K. Since K is irreducible, we obtain 
rad(/) = F 6 and so / = 0, a contradiction. The same holds if A = 0. It follows 
that both A and p are non-zero and, multiplying by A -1 , we may assume: 

(9) / = v{ A v * 2 A v *_ 3 + p (u* 1 A v *_ 2 A v 3 ) , p ± 0 

be., f(v i,u 2 ,U- 3 ) = 1, / (v~i,v_ 2 , V 3 ) = p, f(vi,Vj,v k ) = 0 otherwise. Write 

x = (dij), i,j £ {1,2,-3,-1,-2,3}. 

Case 1 . Suppose that A in 0 is diagonal. From f(xv x,v 2 ,v_ 3 ) = f(vi,xv 2 , 
xv_ 3 ) we get a-ip = a 2 , 2 -a- 3 ,- 3 - Similarly, from f(v 1 : xv 2 ,v_ 3 ) = f(xv 1: v 2 , xv_ 3 ) 
and f(vi,V 2 ,xv- 3 ) = f(xvi,xv 2 ,V- 3 ) we get, respectively, a 2 ,2 = 01,1 ■ a_ 3^3 and 
a- 3^3 = dip ■ a 2 p. It follows that either dip = a 2 ,2 = o_ 3,_3 = 0 or a\p = a 2j2 = 
a- 3 - 3 = 1. In the first case A = 0 and it is clear from 0 that y = x(xy) cannot 
have order 3. In the second case, A = /, whence the contradiction 1 = Tr(a;(a;y)) = 
Tr(y) = 0. 

Case 2. Some non-diagonal entry of A is not zero. We may suppose that it is 
in the first column, up to the permutation (viVi) (v-iV-f) for some i = 2,-3. 
We claim that a 2j i ^ 0 if, and only if, 0 - 3,1 ^ 0. Indeed, suppose a 2 p ^ 
0. The subspace S\ = {s G F 6 | f(vi,xvi,s) = 0} is ^-invariant and con¬ 
tains (v-i,v- 2 l v 3 ,v\). If a_ 3 .i = 0, then v - 3 (jL Si. As v 2 £ S 1 the space 
Si has dimension 5 and is fixed by K , a contradiction. Thus 0 - 3,1 ^ 0 and 
the same argument shows the opposite implication. Conjugating x and 2 by 
diag • alj a 2 j i, a_ 3 ,i, a 2 p ■ a- 3 p,df\,dZ 3 1 ) their shapes are preserved as 
well as the condition f (vi,v 2 ,V- 3 ) = 1. Hence we may suppose a 2 ,i = a_ 3 ,i = 1 
(and a_i ,_ 2 = a_i ,3 = 1 by 0 ). 

For j £ {—1, —2,3} we obtain: 

0 = /( XV!,Vi,Vj) = f(vi,XVi,XVj) = 0 — 3 ,j + d 2 j, 

whence a_ 3 ,_i = a 2 ,_i, a_ 3,_ 2 = a 2 ,_ 2 and 0 - 3,3 = (* 2 , 3 . After these substitutions, 
for j £ {1, 2, —3} we get 

P 0 _l,j = f(xVj,V- 2 ,V 3 ) = f(Vj,XV- 2 ,XV 3 ) =0, 

whence o_i,i = a_i , 2 = a_i ,_3 = 0 (and a_ 2 ,i = 03,1 = 0). Now f(xv 3 ,V- 2 ,Vj) 
= f (v 3 , XV— 2 , xvj) for j = 2, —3 gives p a_ 2 j = 0, i.e., a _ 2 , 2 = a _ 2 ,_3 = 03,2 = 0. 
Finally f(xv- 2 ,v 3 ,V- 3 ) = f(v- 2 ,xv 3 ,xv- 3 ) gives a 3 ,_ 3 = 0. 

We conclude that (vi,v 2 ,V- 3 ) is an x-invariant subspace, hence a A"-invariant 
subspace, a contradiction. □ □ 

Remark 3.2. In characteristic 2, a perfect irreducible subgroup of SLe(F) having 
an involution x with similarity invariants t 2 + 1 , t 2 + 1 , t 2 + 1 , cannot be contained 
in S06(F)' = 126(F). Indeed the dimension of the fixed points space of x is 3, 
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whence the quasideterminant of x is, by definition, (—l) 3 = —1. On the contrary, 
the quasideterminant of an involution in 1^6(IF) is 1 (see |4] p. xii])- 

Lemma 3.3. If Hq is irreducible, (vo) has no H-j-invariant complement. 

Proof. Any complement should coincide with the space W = (vi,... , 03 ) generated 
by the eigenvectors of Xzfjz relative to the eigenvalues ^ 1. This happens only if 
= 0 in d 6 ]). In this case Hq preserves the restriction Q = Q\w, where Q is the 
quadratic form fixed by H 7 . The symmetric form associated to Q has Gram matrix 
Jq, as above, which is non-degenerate. Hence Q is a quadratic form. This implies 
that Hq is contained in ^(F), in contrast with Remark 13.21 

□ □ 


Lemma 3.4. If Hq is irreducible, then (vo) is the only proper H? -invariant subspace 
of F 7 . Similarly W = (iq, i> 2 , n_ 3 , n_i, i>_ 2 , U 3 } is the only proper Hj-invariant 
subspace 0 /F 7 . 

Proof. Let U be a proper ^-invariant subspace. By the irreducibility of Hq we 
have either UC\W = 0 or t/nW = U. In the first case U has dimension 1. Hence the 
perfect group H 7 induces the identity on U. This gives U = (vo), the eigenspace of 
x^yr relative to 1. The second case cannot arise, since U would be an If 7 -invariant 
complement of (vq), in contrast with the previous Lemma. The second part of the 
statement follows noting that (vq) is the eigenspace of {^yr) T relative to 1 and 
using the fact that Hq is not orthogonal by Remark |3.21 □ □ 

We are now ready to prove the following result on which Theorem 11.21 is based. 


Proposition 3.5. If Hq is irreducible, then the group H 7 fixes a non-zero alter¬ 
nating trilinear form on V. 


Proof. Proceeding as in the proof of Theorem ll.il we take the action of H-j on the 
space of trilinear forms, that we identify with A 3 (H*), obtaining 


d?:lr 


' ni 4 - rj H7 — d tl7 4 - ti 117 > 

A 3 (U*) + tt A 3 (U*) — U A 3 (V) + a A 3 (U*) — 


H 7 


,Hi 


> 2 . 


iHi 


It suffices to show that d A 3 ( V ,) < 1. So let / be a non-zero alternating trilinear 
form on V fixed by Hff. Denote by W the 6 -dimensional subspace of V fixed by 
H-f. The restriction f\w of / to W is -invariant and so it must be the zero 
form, by Proposition 13.II Furthermore, the kernel of the function U/ : V —> A 2 (V*), 
defined as 'P(u) = f[v, *, *), is a Hj -invariant subspace of V. By Lemma [3~T1 either 
ker(\l/) = W, or ker(\I/) = 0. If ker('P) = W, then / is the zero form. It follows 
that U/ is injective. Set z = xryr and take B as above. We have z = z T and 


/(2 


, 2 1 Vj,Z 1 v k ) = £ l+J+k f{Vi, Vj,Vk ) = f(Vi, Vj,v k ), 


whence either i + j + k = 0 or f(vi,Vj,Vk ) = 0. It follows f(vi,Vj,Vk ) = 0 except, 
possibly, for (■ i,j,k ) S {(0,€, —£), (1, 2, —3), (—1, —2, 3) | I = 1,2,3}. By the as¬ 
sumption that f\w is the zero-form, we have f[y± i,v±2, v=p 3 ) = 0. If f(y 0 , n,, V-f) = 
0, then /(uj,*,*) is the zero form, in contrast with the injectivity of v k. So, 
f{vo,Vi,v-i) ^ 0 for all V s. Substituting each Vi with a scalar multiple, if nec¬ 
essary, we get / = Xa=i ( v o Av* A We conclude that d A = 1. □ □ 
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Proof of Theorem \1.2\ Suppose that char F = 2 and let He be an irreducible sub¬ 
group of SLg(F) generated by a non-rigid (2, 3, 7)-triple {xe, ye, xeye)- Its similarity 
invariants are those in © by ©3• Setting K = HJ in Proposition 13.11 we ob¬ 
tain that the transpose Hj of He does not fix non-zero alternating trilinear forms. 
Hence, Proposition 13.51 implies that H 7 = (xr,yr), in the notation ©, fixes a non¬ 
zero alternating trilinear form / on V = F 7 . We want to show that / is similar to 
the Dickson form, applying (TJ Theorem 5(5)]. Its hypothesis require that H-j acts 
indecomposably on V = F', which is true by Lemma EHil and that rad (B Vo ) = (vq), 
where B Vo is the symmetric form defined as B Vo {u,w) = f{vo,u,w). It remains to 
show this fact. Now, the radical of B Vq is an iLy-invariant subspace of V. Thus, 
by Lemma [3© either rad(B „ 0 ) = (vq) or rad(H„ 0 ) = V. Suppose the latter case 
holds, i.e. B Vo is the zero form. 

Take u, v, w £ V = V/ (vq) and define 

J(u,v,w) = f{u,v,w), 

where u = yvo + Ti,v = Xvq + v and w = /ivq + w. The function / is well-defined as 

f(u,v,w) = f(j]V 0 + u, Xvq + v,pvo + w) = f(u,v,w). 

For every element of h € H 7 , f(u,v,w) = f(u, v,w) = f^hg 1 !!, h^v, hg 1 w) and so 
He fixes a non-zero alternating trilinear form / on V, in contrast with Proposition 
13.11 (this time taking K = He). We conclude that H 7 fixes a Dickson form by [© 
Theorem 5(5)], hence it is a subgroup of G 2 (F). □ □ 


4. HURWITZ GENERATORS FOR G 2 (g) 


In this section we set q = p a , where p is a prime, and consider F as the algebraic 
closure of the finite field F g . Our aim is to find explicit Hurwitz generators for the 
groups G 2 (q) when they exist, namely for q > 5 [Ti] . 

We first consider the case where q is even. So let p = 2 and q > 8 . Our generators 
Xe, ye and their product Xeye have similarity invariants 0 , hence are conjugate 
to the matrices in 0 , even if they have different shapes. Indeed they are obtained 
from family (Ha) in (25] for special values of the parameters. The choice of this 
family was made for uniformity with the Hurwitz generators of PSp 6 (g), 5 < q odd, 
used in [22] . Indeed, it turns out that matrices of the same shape generate PSp 6 (g) 
for q odd and its subgroup G 2 (g) for q even. 

For each r G F, \ F 4 we set 


( 10 ) 


( 11 ) 


r + 1 


b = 

r 3 

+ r‘ 

+ 1 _ r 3 + 1 


d — 

r 2 

+ r + 1 

d 



d 


5 ^ ^ 






(0 

0 

1 

0 

r 

A 


(l 

0 

0 

0 

1 c \ 


0 

0 

0 

1 

0 

a 


0 

1 

0 

0 

b 1 


1 

0 

0 

0 

1 

r 

, ye = 

0 

0 

0 

0 

1 0 


0 

1 

0 

0 

a 

0 

0 

0 

0 

0 

0 1 


0 

0 

0 

0 

0 

1 


0 

0 

1 

0 

1 0 


Vi 

0 

0 

0 

1 

°/ 


^0 

0 

0 

1 

0 1 ) 


and define H = (xe,ye)- 


Lemma 4.1. 


group H is absolutely irreducible, except when: 
+ r 9 + r 5 + r 2 + 1 = 0 . 
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In particular, if H is absolutely irreducible, then it is a subgroup of G 2 (q) ■ 

Proof. For the absolute irreducibility of H apply [22] Lemma 2.1] to the case 8 < q 
even, r £ F g \F 4 . For the second claim of the statement, apply Theorem ll.2l □ □ 

Now we want to exclude that H is contained in a maximal subgroup of G 2 (q). 
By 0, the absolutely irreducible maximal subgroups M of G 2 (q) are of type: 

M “ SL 3 (g).2, M * SV 3 (q 2 ).2, M - G 2 (q 0 ) (F go < F g ). 

Lemma 4.2. If H is absolutely irreducible, it is not contained in SL 3 (q) or SU 3 (g 2 ). 

Proof. If our claim is false, H arises from an action of SL 3 (F) on the symmetric 
square S(F 6 ) (see [TTJ 5.4.11]). But, in this action, an involution has similarity 
invariants £ + 1 , £ + 1 , £ 2 + 1 , £ 2 + 1 , different from those of xq . □ □ 

Remark 4.3. The field of definition of a subgroup H of GL„(q) is the smallest 
subfield F gi of F g such that a conjugate of H, under GL n (F), is contained in 
GL n (qi)(F*/), where F *1 denotes the center of GL„(F). This is to ensure that no 
conjugate of the projective image of H lies in PGL„(< 7 0 ) for some q 3 < q\. Clearly, 
when H = H' is perfect, F gi coincides with the smallest subfield of F g such that a 
conjugate of H is contained in SL„(gi), the derived subgroup of GL„(qi) (F*/). 

Theorem 4.4. Let XQ,y§ be as in ([III with r £ ¥ q \ F 4 , 8 < q even, such that: 

(i) r 12 + r 9 + r 5 + r 2 + 1 / 0 ; 

(ii) F g = F 2 [r 2 + r}. 

Then H = (xe,ye) = G 2 {q) and there exists r £ F g \ F 4 satisfying (i) and (ii). 

Proof. Condition (i) implies that H is absolutely irreducible (Lemma 14.11) and by 
the same lemma we have that H < G 2 (q). Let M be a maximal subgroup of 
G 2 (q) which contains H. Since H is a Hurwitz group, it is perfect and so it is 
contained in the derived subgroup M' of M. By ]22] Lemma 3.2], the minimal field 
of definition of H is F 2 [r 2 +r]. Thus Condition (ii) gives that M' ^ G 2 (qo) for any 
<70 such that F go is a proper subfield of F g . Moreover M' qL {SL 3 (g), SU 3 (( 7 2 )} by 
Lemma l4~2l It follows that H = G 2 (q). We now prove that, for q > 4, there exists 
r £ F g \ F 4 , where q = 2 a , satisfying Conditions (i) and (ii). For each a £ F g such 
that F 2 [a] ^ F g there are at most two values of r such that r 2 + r = a. Let N(a) 
be the number of elements r £ F 2 a such that F 2 [r 2 + r] ^ F 2 <*. Considering the 
possible subfields of F 2 a, we get 

N(a) < 2 (2 + 2 2 + 2 3 + ... + 2 l §J j = 2 2+L tJ - 4. 

Next, observe that if a > 5, then ( 2 2 + Li?J — 4) + 12 < 2“. It follows that for a > 5, 
there exists r £ F 2 a \ F 4 satisfying Conditions (i) and (ii). Finally for q = 8,16, it 
suffices to take as r a generator of F*. □ □ 

The following Remark gives Hurwitz generators of the Janko group J 2 over F 4 . 
Remark 4.5. For q = 4, consider the matrices (belonging to family (Ha) of [25] ) 


(0 

0 

1 

0 

UJ 

°\ 


n 

0 

0 

0 

cc 2 


0 

0 

0 

1 

1 

UJ 2 


0 

1 

0 

0 

U) 

w 2 

1 

0 

0 

0 

0 

UJ 


0 

0 

0 

0 

1 

0 

0 

1 

0 

0 

a ; 2 

1 

» yj2 = 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 


0 

0 

1 

0 

1 

0 

\0 

0 

0 

0 

1 

0 ) 


\0 

0 

0 

1 

0 

1 / 


(12) xj 2 = 
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where w 2 + w + 1 = 0. By a Magma calculation the group H = (xj 2 , yj 2 ) as in (fT 2 l) 
is isomorphic to J 2 . 


Now, we consider the case q > 5 odd. In this case our generators have similarity 
invariants (131) hence are conjugate to the matrices in d6j) , even if they have different 
shapes. Indeed we take them from family (II) in [20] . 

For each rSF, define H = (x 7 ,y 7 ), where 


(0 

0 

0 

1 

0 

0 

-A 


1 

0 

0 

0 

1 

0 

r + 2\ 

0 

0 

0 

0 

1 

0 

r 


0 

1 

0 

0 

2 

0 

2r+ 8 

0 

0 

0 

0 

0 

1 

-3 


0 

0 

1 

1 

0 

0 

—A 

1 

0 

0 

0 

0 

0 

-4 

, 2/7 = 

0 

0 

0 

0 

-1 

0 

0 

0 

1 

0 

0 

0 

0 

r 


0 

0 

0 

1 

-1 

0 

0 

0 

0 

1 

0 

0 

0 

-3 


0 

0 

0 

0 

0 

0 

-1 

Vo 

0 

0 

0 

0 

0 

-1/ 


\0 

0 

0 

0 

0 

1 

-1 / 


(13) x 7 = 


Lemma 4.6. The group H is absolutely irreducible, except when: 


d = r 2 + 15r + 100 = 0. 


In particular, if H is absolutely irreducible, then it is a subgroup of G 2 (q) ■ 

Proof. For the absolute irreducibility of H see the proof of [201 Theorem 1, page 
2131]. For the second claim of the statement, apply Theorem ll.il □ □ 

We notice that [x?, 1 / 7 ] = X7yf 1 x 7 y7 has trace 3 and characteristic polynomial 

(14) X[x 7 , V7 ] (t) = t 7 - 3 1 6 - (d - 5)t 5 — (d + 7)t 4 + (d + 7)t 3 + (d - 5 )t 2 + 3t - 1. 

Again we want to exclude that H is contained in a maximal subgroup of Gz(q). 
For q odd, the classification is due to P. Kleidman in [TO]. We summarize in Table 
[1] the relevant information of [3J Tables 8.41, 8.42 pages 397-398]. 


Subgroup Conditions 


^ 2 ( 90 ) 

F go is a subfield of F g 

2 3 ' SL 3 (2) 

q = p 

PSL 2 (13) 

q = p = ±1, ±3, ±4 (mod 13) or 
q = p 2 , p = ±2, ±5, ±6 (mod 13) 

PSL 2 (8) 

q = p = ±1 (mod 9) or q = p 3 , p = ±2, ±4 (mod 9) 

G 2 (2) = 1 / 3 ( 3 ) 

: 2 q = p >5 

J\ 

9 = 11 

PGL 2 (g) 

P > 7, q > 11 

SL 3 (q) : 2 

P= 3 

SU 3 (g 2 ) : 2 

P = 3 

2 G 2 (3“) 

p = 3, a odd 

Table 1. Maximal irreducible subgroups of G 2 (q), q = p a , P 7 ^ 2. 


Since H is a Hurwitz group, it is perfect. So if H is contained in a maximal 
subgroup M then H < M'. 

Lemma 4.7. Assume 5 < q odd, H absolutely irreducible. Then: 

(i) H is never contained in any maximal subgroup M isomorphic to one of the 
following: PSL 2 (13), G 2 (2), 2 3 PSL 3 (2), J i; 
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(ii) H is contained in a maximal subgroup M = PSL, 2 ( 8 ) iff q = 17 and r = 1. 

Proof. We proceed with a case by case analysis. If H < M , then (2:7, 1/7, 2:757) 
must coincide with some ( 2 , 3 , 7 )-triple (52,53,52*73) in M. Since the commutator 
[xt, 57] has trace 3 , we are interested in those triples such that 3 = Tr([5 2 , 53]). The 
possible values of these traces are read from the ordinary and modular character 
tables of M. 

(a) Assume H < M = PSL 2 (13), with the restrictions on q given in Tabic [I] 
in particular p / 3. In this case the order of [ 52 , 53 ] is either 6 or 7 or 13 
with trace 1, 0 or (1 ± \/l3)/2, respectively. Equating these values to 3 we 
get either p = 2 or p = 3 = 5 , in contrast with our assumptions. 

(b) Assume H < M = PSL, 2 ( 8 ) with the restrictions on q given in Table [TJ In 
this case [ 52 , 53 ] has order 9 and its trace is a root of t 3 — 3t — 1. Equating 
its trace to 3, we get 3 3 — 9 — 1 = 17 = 0, whence p = 17 = q. On the other 
hand, for q = 17, the element [ 2 : 7 , 57 ] has order 9 only when r = 1. In this 
case H = PSL 2 ( 8 ). 

(c) Assume H < M = G 2 ( 2 ), q = p > 5 . Since H is perfect, we have that 
H is actually contained in M' = SU3(3). In this case [52,53] has order 4. 
Taking D = [2:7,57] 4 , we have D-j^ = 5 r — 7 . If p = 5 , then D-j y = 3 ^ 1 . 
If p ^ 5 , set r = |. Then Z? 2 ,7 = -y/ 0 , since p>l. 

(d) Assume H < M = 2 3 ' PSL 3 (2) with q = p > 5. If p ^ 7, then the trace 
°f [ 52 , 53] is in {0, ±1}. As in (a) above we get either p = 2orp = 3 = q, 
against our assumptions. If q = p = 7, then [2:7,57] has order > 19, so it is 
cannot be an element of 2 3 ’ PSL 3 ( 2 ). 

(e) Assume M = Ji with q = 11 . The element [ 52 , 53 ] has order 10, 11, 15 or 
19 with respective traces 9, 7, 5 and 4. Since Tr([cc 7 , 57 ]) = 3 we have a 
contradiction. 

□ □ 

Lemma 4.8. If p = 3 and H is absolutely irreducible, then it is not contained in 
SL 3 (< 7 ) or SU 3 (g 2 ). 

Proof. The Hurwitz subgroups of SL 3 ( 5 2 ) are isomorphic to PSL 2 (7) or to PSL 2 (27). 
However PSL 2 (27) does not have irreducible representations of degree 7. If H is 
contained in PSL 2 (7), then [ 2 : 7 , 57 ] has order 4, whence Tr([ 2 : 7 , 57 ]) = —1, a contra¬ 
diction. □ □ 

Lemma 4.9. Assume H absolutely irreducible. Then two triples (xr(ri),yr(ri), 
Zr(ri)) and ( 2 : 7 ^ 2 ), 57 (^ 2 ), 27 ^ 2 )) are conjugate if, and only if, r\ = r 2 . 

Proof. Assume that {x 7 (ri), 57 (^ 1 ), 27 (^ 1 )) and ( 2 : 7 (r 2 ), 57 (r 2 ), 27 (^ 2 )) are conju¬ 
gate. Then the characteristic polynomial of \x 7 {ri),y 7 (r\j\ and [ 2 : 7 ^ 2 ), 57 ^ 2 )] are 
the same, whence rf+ 15ri = r| + 15r 2 . Suppose that rq ^ r 2 . Then rq = —15 —r 2 . 
Now, consider the element w = [x 7 ,yT\ 2 y 7 {x 7 y 7 ) 2 whose characteristic polynomial 
is 

Xw(t) = t 7 + fi(r)t 6 + f 2 {r)t 5 - f 3 (r)t 4 + / 3 (r)f 3 - f 2 (r)t 2 - fffr)t - 1 

where /i(r) = r 3 + 25r 2 + 250r +999. From /i(rq) = /i(r 2 ) we get d(2r 2 + 15) = 0. 
Since H is absolutely irreducible, then d ^ 0 and so r 2 = — However, in this 
case rq = —15 — r 2 = — ^ = r 2 , a contradiction. We conclude that rq = r 2 . □ □ 
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As mentioned in the Introduction, the group PSL 2 ((z) is Hurwitz when either 
q = p = 0,±1 (mod 7) or q = p 3 and p = ±2, ±3 (mod 7). Moreover, in 
Aut(PSL 2 (</)) = PrL 2 (</), there are 3 conjugacy classes of Hurwitz triples for 
q = p = ±1 (mod 7), only one otherwise. 

Theorem 4.10. Let q = p a , p odd, q > 5, and let 27 , 1/7 be as in ra with 2 £ F g 
such that r / 1 if q = 17 and r 2 + 15 r + 100 ^ 0. Assume further that F ? = F p [r]. 
Then one of the following holds: 

(i )H = G 2 (q); 

(ii) H = PSL(2, q) with q = p if p = 0, ±1 (mod 7), q = p 3 if p = ±2, ±3 
(mod 7). 

Moreover, in case (ii) it is always possible to choose r such that H = G 2 (g). 

Proof. The group H is absolutely irreducible by Lemma l4.bl and the assumption r 2 + 
15r +100 ^ 0 and so it is a subgroup of G 2 (g). Suppose that there exists a maximal 
subgroup M of G 2 (</) containing H. Condition F g = F p [r] implies that F g is the 
field of definition of H (see [20], Remark 6 ]). Thus M ^ G 2 (</o) for every q 0 < q. 
By Lemma ITT! we may also exclude M' £ {PSL 2 (13), PSL 2 ( 8 ), G 2 (2), 2 3 ' SL 3 (2)}. 
When q = 3°, we may also exclude M' £ {SL 3 (g), SU 3 (</ 2 )} by Lemma l4~8l If a is 
odd, suppose M = 2 G 2 (3 a ). By [2J Proposition 3.14] two semisimple elements of 
2 G 2 (3 a ) which have the same trace are conjugate. Now 271/7 has trace 0 and, for 
p = 3, also [ 27 , 7 / 7 ] has trace 0. So [ 27 , 1 / 7] 7 must be a 3-element and so has trace 1. 
However this gives r(r 2 — 1) = 0 and so r £ F3, a contradiction with the assumption 
F q = F 3 [r]. Thus H is not contained in any subgroup of Table [Tj except possibly 
in PGL 2 (g). We conclude that either H = G 2 (g) or H < M' with M = PGL 2 (g). 
Assume that the latter case holds. By the classification of the Hurwitz subgroups 
of PSL 2 (g) [13] we have H = PSL 2 (</) with q = p if p = 0,±1 (mod 7), q = p 3 if 
p = ±2,±3 (mod 7). 

In G 2 ((/) there is just one conjugacy class of maximal subgroups isomorphic to 
PGL 2 (</). Thus, by the information given before the statement, there are at most 
3 non-conjugate Hurwitz triples in G 2 (</) which can generate PSL 2 (g). By Lemma 
14.91 different values of r give rise to non conjugate triples. So we have to exclude at 
most 3 values of r to avoid H < PGL 2 (g). Clearly we have to exclude at most other 
2 values of r for the absolute irreducibility. We also note that, if H < PGL 2 (g), 
then q 7 ^ 17 since 17 = 3 (mod 7). Our last claim now follows from the inequalities: 
p>7>2 + 3ifg=p = 0, ±1 (mod 7), and p 3 — p > 2 + 3 if q = p 3 . □ □ 

For sake of completeness, we provide Hurwitz generators also for the Janko 
group J\. Consider the following matrices Xj 1 , yj x £ SL 7 ( 11 ) (Family (I) of BP1 . 
with 23 = 2 and 24 = 4): 


0 

0 

0 

1 

0 

0 

- 1 ) 


1 

0 

0 

0 

4 

0 

3 \ 

0 

0 

0 

0 

1 

0 

5 


0 

1 

0 

0 

8 

0 

-1 

0 

0 

0 

0 

0 

1 

2 


0 

0 

1 

1 

0 

0 

9 

1 

0 

0 

0 

0 

0 

-1 

, yji = 

0 

0 

0 

0 

-1 

0 

0 

0 

1 

0 

0 

0 

0 

5 


0 

0 

0 

1 

-1 

0 

0 

0 

0 

1 

0 

0 

0 

2 


0 

0 

0 

0 

0 

0 

-1 

\0 

0 

0 

0 

0 

0 

-1 



0 

0 

0 

0 

1 

-1/ 


Again, by a Magma calculation, the group H = ( 2 yjf) is isomorphic to J\. 
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